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(with D,, and D, similarly defined), we obtain

Maximize Y. (—2x,—5.2x,— 4x; +60s, +40s,, +10s,)p,  (P.1)
{se{l, m, h}}
subject to
—X +8yis + 6y + Y =0, se{l,mh},
—Xes + zyds + l'Syts + 0-5%5 = 0/ s€ {l, m, h}/

_xfs + 4]/:15 + nys + 1'5ycs <0, se {lr m, h}/

Sis <D,, sell,m,h},
S4s = Yus <0, sef{l,m,h},
Sy <D,, se{l,m,h},
Sy - Y <0, sef{l,m,h},
s <D,, sel{l,m,h},
Sg - Yy, <0, sel{l,m,h},
Xiss Xfss Xeos Yass Yiss Yesr Sass S50 S =0, s €{l, m, h}.

As indicated, (P.1) is separable by scenario. We can
consider each demand scenario separately, and we
can obtain scenario-specific solutions independently.
Only in calculating the objective value do we combine
them. At the other extreme, we determine both acqui-
sition and production before we know the demand (2
in Figure 2) (Figure 4).

Once made, the decisions about acquisition and
production are fed into the demand uncertainty. Only
the sales levels respond to the acquisition and pro-
duction levels and the manner in which the demand
uncertainty is resolved. Any LP model of this problem
must capture the fact that the initial decisions must
be weighed against all possible demand scenarios. To
accomplish this, we use three separate sets of the sell
variables, and only one set of the acquisition and pro-
duction variables. As before, we work from (P.0) to
develop our model. To connect Figure 4 and the LP
model, we use a bold font to identify decisions made

Y Sell
low .-
Acquire 7
4 Demand?  J-—--ommmemn » Sell
Produce ~.most likely
hi gh\\\
A Sell

Figure 4: If demand is known after acquisition and production are deter-
mined, it will only affect the amount of product that is sold.
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before demand is known.

Maximixe —2x; —5.2x, —4x; + > (60s,+40s,,+10s,,)p, (P2)

{se{l,m, h}}
subject to
—X +8y,+ 6y, + y. <0
—X, + 2y, + 1.5y, + 0.5y, <0
—x, +4y, + 2y, +1.5y, <0
Sis <D,, sel{l,m,h},
-V Sgs <0, sef{l,m,h},
s, <D, sef{l,m,h},
N s, <0, se{l,m,h,
s.<D., se{l,m,h},
-y. 5.<0, se{l,m,hj,

Xz/XerqurYnY(/SdsrSmscs20: se{l,m,h}.

In contrast to (P.1), (P.2) is not separable by scenario.
Acquisition and production, represented by x and y,
are determined before demand is known and are held
constant across all scenarios. The second set of con-
straints models the manner in which sales depend on
the combination of production and demand. The lack
of separability arises because of the interaction of the
two types of variables in these constraints.

Finally, in the remaining case (3 in Figure 2), we
determine acquisition before we know the demand
and production and sales afterward (Figure 5)

As we work from (P.0) to develop an LP model for
this problem, we have a single set of acquisition vari-
ables, and three sets of production and sales variables:

Maximize —2x, —5.2x, —4x,+ Y
{sefl, m, h}}

(60s,, +40s,, +10s.,)p,  (P3)

subject to

-X; + Syds + 6%5 + Yes = 0/ SE{l,m,h},
—X, + 2y, +15y, + 05y, <0, sef{l,m,h},

—X; + 4ys + 2y + 15y, <0, sefl,mh},
Sgs <Dy, se{l,m,h},

Sgs — Yas <0, sef{l,m,h},
S5 <D, sel{l,m,h},

Sts — Yis = O/ SE{l, m, h}r
s <D, sef{l,m, h},

Ss—Yes <0, sel{l,m,h},

Xty X, Xes Yasr Yisr Yesr Sass Siss 56 2 0, s €{l, m, h}.

Similar to (P2), (P.3) lacks separability. In gen-
eral, separability does not occur when the LP model



bl +bip <3/2, blhy <1, b, =0, b3 =0;
blsp +bi <3/2, by, <2/3, by, =0, b5 =0;
blap +biee <3/2, bl <1/3, b, =0, b3 =0;
bise b3, <5/6, bl <1/2, b3, =0, b3 =0;
blse +blgp +blg, <5/6,  bigp+biey <1/2,

blgg +big, <1/2,  bigy < 1/6, b5, =0
biap+biy, +bi7, <1, bl +biy, <1/2, b7, =0;
bisp +bisg +big, < 1/2, bigg +big, +big, <2/3,

blgz +big < 1/6;
biog +blo, +bi5, <1, blog +big, < 1/6, b5, =0;
brog + b3, <4/3, by <1, by =0, b%L =0;
byip+byg + by, <4/3, by +bi <

by +by, <1, by <2/3, bglzL =0;
i+ Dhp by, <4/3, bl +bh, <1,

g +by, <2/3, bl <1/3, by =0
by + D5 + 55, <3/2, bhip by <1, by =0

b;iE + b24E + bﬂL <1, bﬂE + bgziL + bﬁL <7/e,
Brip + by <2/3;
bgle + bst + blzlle <1,

by, + by, < 1/3;

bgle + bZSL 25L <5/6,
b;6]E + bg(iL + b;gL <3/2,
by byge + by, < 2/3,
b§7115 +b27L <1/3;
bg81E + bZSL + b;f?L <3/2,

bgéE + b;él»L <2/3, bgéE =0;
b;715 + b§711_ + b§72L <7/6,

by +byg, < 1/3, gy =0.
Combining these with Equations (A5)—-(A9), we obtain

2xy/3+2x5/3+3x35/4
SY/24Y3/64y5/2+ /645
+2y6/3+¥7/34y5 +2y5/3+yio/3
+4y11/3+ YL +2y15/3+ Y /3 +yis/2
+Y16/6+17/2 4 ¥is/6+ ¥i5/6+ 5
+2y51/3+5/3+ 5 +2y5,/3+y55/3
+2y36/3+ ¥37/3 +33/3+ O(1), (A10)
2x0 /34 2x2 /3420 /3422 /3 4 3x0 /44 2x7, /3
SW/2+93 /24552495 /24 ¥5 + 5 + 37 +v5 + s
+ Vo + 4V /34 3y1/2+ 315 /24 314 /2 + s /2
+16/2+Y17/2+ Yis/2+ Yo /6 + Yoo + 33, + V5 + V33
+ Y34+ Y5 +2y56/3+2y5,/3+ y35/3+ 0(1),  (All)
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2xy/3+2x5/343x5/4+3x5/4
SY/2+ 5 /64 Y5 /24 yi /64 y5 +2y5 /3+ 7 /3 + y5
+2y5/3+y1o/3+4V11 /34y +2y15/3+31,/3
+5)15/6+ Y6/2+ ¥17/2+ s /6+ ¥o/6+ 4y /3
+ Y31 +2y5 /34 v +2y5,/3 4 v35/3
+2y56/3 +¥57/3+¥55/3+ 0(1), (A12)
2xy /34 2x5/34+2x5/342x5 /34 3x5/4+3x5/4+2x7],/3
S22+ /245524y /24 Y5 +ys Y7+ v+
+ 1o +4¥11/3+3y15/243y15/2 4 3y14/2+5y(5/6
+5V16/6+Y17/2+ Vis/2+ ¥ig/6+4y5 /3 +4y5, /3
+4y5 /34 ¥o3 + Vo + s +2y36/3 +2y5,/3
+yi/34+0(1), (A13)
27 /34 2x1 /3 4+ 3x1 /4 +3x! /4 +2x", /3
SW/2495/6+ Y5 /2+yi/6+y5 +2y5/3+y7/3
Y5 +2y5/3+yio/3+4¥11/3+ i, +2y15/3 4+ y1u/3
+5¥15/6 4+ ¥s/2+ yi7+2¥15/3 + ¥is +4y30/3 + ¥3,
+2y5/343y33/2+7y3,/6+5y35/6 +3y5/2
+ 7y /643y /2 + O(1). (A14)

By the definition in the beginning, we also have

> yi=n+0(1). (A15)
When the 1-pieces are not present, we further have
G+ Yy g+ =0 (Al6)

Hence, (3,1, x1) /(328 , ) isupper- boundedbymax{z

XM xr>20,i=1,...,11,y' >0,i=1,...,28, (A1)~ (A4)
(A10)—(A16)}/n. The limit of this upper bound is another
linear program of the apparent form. By the simplex
method, we find its solution value to be % O

We believe Rj;, . < 35/18 even when there are 1-pieces
in the list. However, without being enforced by (A16), the
linear program gives the result of 22/9 >~ 2.4444 and a
solution vector indicating that the valid constraints we have
come up with so far have not captured the delicate timing
of the appearances of the 1-pieces in both the MXF and
OPT packings. Therefore, it calls for more subtle arguments
than our existing ones to prove the result for the case with
1-pieces. Also, letting the underlying CBP algorithm be FF
instead of NF is important because only the former allows
the lower bound of 3/4 relevant to aj} and al}. When FF
is replaced by NF, we can only achieve a lower bound of
2 using similar arguments.

PrOOF OF THEOREM (6). The idea here is to have 20K
pieces around é, 20K pieces around % 20K pieces around



DUKES AND GAL-OR
Negotiations and Exclusivity Contracts for Advertising

ProOF OoF COROLLARY 1. Substituting into (12) the value of ¢},
from (10) and a = a; = a, yields

b [2 = a— G(eke) P Geke)
4o+ G(eke)]

When a — 0, the above payoff Cj — (t,)/4[2 — G(e})P[1 +

2¢3: T (@x;)], which is strictly decreasing in ¢ if the function

¢G'(¢) 1
= T(‘P) 3

*
Qe =

[1+203:T(exe)] - £

¢T(¢)

is nonincreasing in ¢. Hence, if the elasticity of G(-) is nonincreas-
ing and « is sufficiently small, the payoff of each station declines
when producers advertise more intensely. [

Proor oF LEMMA 2.

(i) The expressions for ¢}, and pj, follow from (18) and (19).
Using these expressions, the profit of each station is found by eval-
uaﬁng the symmetric agreement payoff C;, = al¢p! leg,,.pp,r Where
aj¢! is the negotiation outcome given by (17).

(ii) The expressions for ¢}, pirs, and pies follow from (21)-(23)
upon the substitution X' = X*>=1/2 and ¢} = ¢3 = ¢},. Using these
three expressions, the profit of each station is found by evaluating
the symmetric agreement payoff Cfs = a @] , Where a;qoé
is the negotiation outcome given by (20).

PROOF OF PROPOSITION 2.

(i) The inequality follows because T'(:) is strictly decreasing, by
(A2).

(ii) Averaging the prices of the two producers under regime ES
yields

P
PES’P1ES'P2ES

t,(2a—a® — aGis + Gig)
a(a+ Gis)
tp(Za—az—aG’gD+G§D) N
" = (pPtp—©),
ala+Gip)

(Prs—c) =

<

provided « > 0. The inequality is implied by the fact that G}, < G}
from part (i). A comparison with the product price of the NE regime
that is expressed by (11) yields the remaining conclusion because
Gis = Gy from part (i).

(iii) Evaluating the profits of each station in the limit when
a — 0 yields

lim G = 4 t
t,G

. * _ 1s pED

lim G = lim 3

t(2— Gy )? [1+@]—f,

s

f

and

2t,G; *
. 1 pYES Pes \ _
Eﬁ% Cis = £1£r(} “oa <1+ ; ) f.

s

(Note that for existence of an interior equilibrium in the ES regime,
it is required that @ # 0. However, we can evaluate the limit expres-
sion above since an equilibrium exists for all & > 0 in the neighbor-
hood around 0.)

Because the limit of Cj; approaches a finite number whereas Cf;,
and Cj; approach infinity, it is clear that C}; < Cf, and Cy; < Cjg
when « is very small.

20
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As well, it follows from the above that

tim S0 S _ %Gk <1+ g&s)”'
o0 Cs+f 8Gis t

When t, approaches infinity,

1
lim Gj; = lim G(T’l(—)>
tg—> 00 ts—o00 ts
4

2
. 1 —a) 1 Y .
(2 (57 ar ) = o

lim|:l+%i|:l,

tg—o00
s s

and

because ¢, is finite. As a result,

Cio+f 9

m = .
o Ct 8
220 Cis+ f

By continuity, therefore, C;, > Cj; for very small values of a and
very large values of t,. From the expressions derived for Gy, Cf,
and Cj, it follows that

Qetf _ 92— (a+G;1£)]2 I:Z_a

2—a [2—(a+G}‘VE)]}’2
Cis+f  2a(a+Gl) a 2(a+ Gi)

and

Cetf _ 22— (a+G)PGie(a+Gip)
Ciptf Gip(a+Gyg)(2a — a* + Gip — aGip)

@5 2—«a i
.[1+ﬂ}[7_@] )
t, a t,

s s

Evaluating the above ratios for very large values of « — 1 and very
small values of f, — 0 (implying that G} = G}, = 0) yields

lim Getf _ 2
et Cis+f

’

By continuity, therefore, when « is sufficiently big and ¢, is suffi-
ciently small, G} > Cg and G > Cip. O

Proor oF LEMMa 3. Without any loss of generality, let the asym-
metric regime be characterized by Advertiser 2 advertising on both
stations and Advertiser 1 advertising only on Station 1, as illus-
trated in Figure 2. The symmetric relationship of all agents in this
regime implies that three distinct bargaining outcomes must be
derived. We first specify agreement and disagreement shares for all
three negotiations.

In the negotiations between Advertiser 2 and the two stations,
the following market share expressions apply in case of agreement:

D; = 11— Glel+ (o G (5 + 2522l Gt

1 —
D2 = |:(17a)+a<§+%>}[a+G(¢§)],
,
X'=14+(3—ey—e))/2t), X*=1-X"

MARKETING ScIeENCE/ Vol. 00, No. 00, Xxxxx 2003
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In case of disagreement between Advertiser 2 and Station 1,

~ 1 _

By = [[1—a—c(<o1>]+<a+c<<p}>>(—+M)]a,
2" o

D? = D2,

_l Xl

X' =14 (e-o))/(2t),

In case of disagreement between Advertiser 2 and Station 2,

D! =D},

[oerai B2

L—(el+eh)/t), X2=1-X"

D;

5{'1

In the negotiations between Producer 1 and Station 1, the fol-
lowing market shares apply:

= [[1 —a—G(<p;)]+(a+G(qo;))<2 + pZthpl )][aJrG(@})],

S
I

[[1 —a—G(@)]+[a+t G(¢§)l( 5+ ”2%”1 )]a
X'= i@ -e-eD/@), X =1-X".

In case of disagreement between Advertiser 1 and Station 1,

- [[1 —a—G(ep]+ (a+ G(‘Pé))<2 + pz%ﬁl )]a
5 =2,

X =14+ @-eh/t), X=1-X"

Using the above expressions in (4) and (5), the Nash bargaining
solution yields the negotiated rates a;, as follows:

et = L9 (5+ 5=
: [(1 —a—G(g)+(a+ GW%))( 2t pzztppl )]
+j—fj[c<<p;>—c<<p§>l(%+ %”

P=o) (1, —p—¢)
ﬂ%goézpzz) §+22; 1

-Gley)

: [(1 —a—G(¢§))+(“+G(¢}))<% * plZ;t,,pzﬂ

e+ 57 (octed (5+ 252
sl 252}
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_c 1 14l — 2
a§<p§= (Pzz ){(E_,’_‘Pz ;1 ‘Pl)

{2

)+2t ( G(<P%)[a+c(¢;)]<%+Pz2tpp1)

+G(¢;)[(1 —a)+a<% + plz;t,,pzﬂ) }

Substituting the above rates into the first-order conditions with
respect to ¢; and p; (conditions (8) and (9)) yields the following five
expressions to determine ¢}, ¢3, ¢1, p;, and p,.

% = [[1—a—G(<pé)]+[a+G((p;)]<%+%>}
1 v
211 ol
owma(3s5) -5
- 1 Pi=P\ _
+ E[G(QD;) - G((p%)](E + T) -0 A5)
% = |:[17a7G(<P})]+[a+(;(¢,%)]<%+%)]
2 v
211 ,
[ronat) 5
i
+qroeh(3+ e )
+%[(1—a)+a<%+pl2;tpz>i|:o. A6)
: v

LFZ_ _ 1 Pi—P
e [(1 a)+a<2+72tp

1 ¢1+(P1—Q02 G QDZ
[ewren(;+255=%)- 52

B

4t, 4t
1 pi—p _
.[(1_a)+a(§+7p)]_o. (A7)
% xipiexepr— P (x4 Gledla+ Gleh]
s 2t
+X*[a+G(¢))]a} =0. (A8)
b _x Dl 4+ X2D2 — (P —c) {(X'[e+G(e)][a+Gle1)]
p, th

+X[a+G(e)]a) =0. (A9)

When the condition of this lemma holds (i.e., lim,_,, T(¢)G(¢) =
0) it is easy to show that ¢; =0 and ¢} = ~1(1/(2t,) solves the
first-order conditions (A.5)-(A.9). The condition T'(¢) < 0 guaran-
tees that this solution is unique. Hence the AS regime reduces to
the ES regime as claimed. 0O
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8. Summary
In this paper, we proposed a new approach to reduce
the costly consequences associated with uncertainty
of demand. By making an effort that encourages some
customers of one product to switch to another, the
total uncertainty of demand (measured as the sum
of modified standard deviations) is reduced. Conse-
quently, the company is able to improve its profit and,
at the same time, raise the service level it provides to
customers. It was (pleasantly) surprising to find out
that even a small value of « (proportion of switching
customers) results in an impressive profit increase.
This result may also shed new light on the central-
ization problem. It was demonstrated in the literature
that using a centralized configuration by consolidat-
ing several decentralized points of sale into one is
beneficial (see, for example, Eppen 1979). However,
managers often are reluctant to adopt such a solution,
fearing that they will lose some customers who will
find the new location not as accessible as the loca-
tion they used before it was consolidated. The results
of this work suggest that companies can enjoy most
of the benefits of centralization and still maintain a
decentralized configuration by attempting to encour-
age some customers who used to buy in one location
to approach another location. This can be done by dis-
tributing coupons or small gifts what will make one
location more favorable to some clients what origi-
nally visited another location. At the same time, no
sales will be lost due to location inaccessibility.
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Appendix

PROOF OF PROPERTY 1. As the original demand varies over the
domain X, >0, ¥; > 0, given a switching parameter, «, the domain
of the reshaped demand is X >0, Y > bX (where b = a/(1 — @)).
Consequently, the calculations of ¢ depend on the relationship
between b and S,/S;.

Case I. b < S,/S,.

bS R
¢ = f / [P1x+01( 1= X) + Py + 05 —yf (x, y) dy dx

51

S a
+ [ oS =0+ pay+ a8~ )If (x, y) dy dx
x=0 Jy=bS

12
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Figure A1 The Regions of Integration (Case I)
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/ [P151 7= S)If (x, y) dy dx
+ /X:S P /y:bx[plsl - %(x—Sl)]f(x, y)dydx —c,S,
bSy py/b A
+ /: fX:U [Py + (S, — )1 f (x, y) dx dy
51 .
+ f =y es = pdsdy
+ /: /X:U[PZSZ — (= S)If (x, y) dxdy

y/b
/ [ [Py +0,(S,
=b$1 Jx=5;

5p/b a
[ S -ty - S1f e ey
=5, Jx=5;
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=Sy Jx=5 /b
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Futhermore,
2y _ = 5 _ R
E(U?) = fuzoufu(u)du_/uzou /;ZOg(ulx)h(x)dxdu

= fm /m u*g (ulx) duh(x) dx=[°° E(U2|x)h(x) dx.
x=0Ju=0 =0

The second moment of any random variable with mean and stan-
dard deviation of u and o, respectively, can be expressed as o2 +
w2, Furthermore, given x the variance of a binomial process is
xa (1l — ). Therefore,

E(U?) ﬁ;[m(pan(axf]h(x)dx

a(l 701)/00 xh(x) derazf'” x2h(x) dx
x=0

x=0

= a(l—a)u+a?(c* +u?).

Finally, Var(U) = E(U?) —E*(U) = a(1 — a)u+ ? (o> + p?) — (ap)* =
a(l—a)u+a?c? O

PROOF OF PROPERTY 6. In our process, we have two original ran-
dom variables X and Y, which are the demands for Products 1 and
2, respectively. Clearly, X and Y may be correlated. Furthermore, X
and Y may be defined as functions of three independent random
variables A, B and C, such that X =A+B, and Y=C+B (B is
included in both X and Y to introduce correlation).

To maintain the parameters of X and Y (i.e., uy, oy, u,, 05, and
p), it can easily be verified that u; = p, +pg, My = iy + pc, 07 =
0%+ 0%, and 07 = 0} + 0. Furthermore,

Cov(X,Y) = Cov(A+B,B+C)
= Cov(A, B)+Cov(A, C)+Cov(B, C)+ V(B)
=0+04+0+V(B)=V(B).
Hence,
_ Cov(X,Y) V(B)
P= 7,03 B E
and o} = V(B) = po,0,.

The decision not to switch to another product may be viewed as
a random selection with probability 1 — a. Hence, X is the sum of
two such random selections over A and B. Let A” and B” denote
these random variables. Then, based on the lemma, it follows that
Gt =0 +op =a(l-au,+(1-a)ioi+a(l-a)us+(1-a)o; =
a(l—a)u, +(1—a)?ol.

?, on the other hand, is the sum of four random variables: A’
(random selection with probability « over A), B’ (random selection

with probability a over B), B, and C. All of these variables, except
for B’ and B, are independent.

V(B")=V(B—B)=V(B)+V(B)—2Cov(B, B),

or
Cov(B,B)=[V(B)+ V(B)—V(B")]/2.
Based on the lemma,

2

oy =a(l—a)u, +a’o3, oy = a(l—a)uy +d’op.

14
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Hence,

Cov(B,B) = [0} + (1 —a)uz +a’0p — a(l — @)uy — (1 — @)?07]/2

2
aog.

Consequently,

V(B +B) = V(B)+ V(B)+2Cov(B, B)

= a(l—a)uy+a’o; + 0p +2a0;

a(l—a)ps+(1+a) oy,

and finally,

2 =VY)=V(@A)+ V(B +B)+V(C)
= a(l-a)p,+a’cl +a(l—a)us+ (1+a)’of + o
= a(l-a)u, + (o] — o) + (1 +a) o5 + 07 — 0}
= a(l—a)u, +a*of +2a0; + 03
= a(l—a)pu, +a*of +2apoo, +o7. O
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EYNAN AND FOUQUE
Capturing the Risk-Pooling Effect Through Demand Reshape

c.d.f. levels corresponds to a z value which can be
used to express the optimal beginning inventory lev-
els as S; = i; +z,6y and S, = [i, +2,05.

PropPerTY 2. The optimal z values are independent
of the reshape factor, @, and the correlation coeffi-
cient, p.

ProoF. E(Si) is a function of only the price/cost
structure and not the demand distribution. [

Given the assumption of normally distributed
demand, each of the two independent problems can
be expressed as

b= (pi— v — (c; —0)S; — (p;
See Silver et al. (1998, p. 388), where

—0;+4;)6;L(z;).

L) = [ (r=2)fdx

is the loss function, and

is the standard normal distribution. Using S; = [, +
the profit can be rewritten as

l l’

¢ = (p: v +q)L(z)]o;. (5)
Using the expressions for i, fi,, d;, and &5, (1)-(4),
the profit function can be expressed in terms of the
original parameters as
¢ = (pi—c)d -, —[(c;—v)z 4+ (p1 —
(I=a)or+(p— ) (o +apy)
—[(ca=v)z+ (P2 — v, +4,) L(2,)]

—c)f;—[(c; —v)zi+ (p; —

01 +41)L(z1)]

~\/a20'12+2ap0'1 o, +02.

The practice of demand reshape affects the profit
in two ways: (1) reduction in the sum of demand
variabilities, which reduces the need for safety stock
inventory, and (2) by choosing one product versus
another, there may be a change (increase or decrease)
in the revenue (due to different selling prices, i.e., p;
versus p,) or the cost (due to different unit cost, i.e.,
¢, versus ¢,). To concentrate on the effect of demand
variability we have neutralized the effect of price and

Copyright © 2005 MM Tech-Net

cost by using a uniform price/cost structure (i.e., p; =
P2=pP, 1 =C=C,0,=0,=07, :l/h:q) Then, the
profit function becomes

¢ =P -0 +u)—[(c=v)z+(p—-v+9)L(z)]o(a),
(6)

where o(a) = (1 — )0y ++/a20? +2apad,0, +o2. This

expression can be used to demonstrate the shape and

direction of the function with respect to the switching

parameter, «, as suggested in the following property.
PROPERTY 3. ¢ is increasing in @, and concave.
ProOF.

L) = [ -2

- [f xfs(x)dx—z/io Fi(x)dx
— [ =z -F@),

where (F(z) = /;:700 f.(x) dx). Because at optimality
—Cc+q

E(S) =
=l

—(=F(2),

it follows that at optimality

(c—v)z+(p—v+q)L(z) :(p—v+q)f):zxfs(x)dx>0.

Therefore,
d
2 =)t (- v+ L)
' |:_0_1 n ac?+poyo, :|
JVa2a? +2apa, o, + o2
=[(c=v)z+(p—v+9)L(2)]oy
[t 1.
V2o +2apai o, + o2 ’
pe
o = -zt o+ Loy
: I:(O'l\/ 07 +2apoy0, + 03 — (a0 + poy)
‘ ((a0'12+P0'10'2)/(\/a20'12 +2apo, 0, +0'22)>)

[ (@ot+2ap00,+03) |
~le=0)z+(p—v-gLE)]oy
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BERTSIMAS AND POPESCU
Revenue Management in a Dynamic Network Environment

N3. The three-leg network described in the exam-
ple of §4.1, with four nodes: a hub #, two origin nodes
0;,0,, and a destination node 4, and the legs (1) o,h,
(2) 0,h, (3) hd. There is demand from the origin nodes
01, 0, to the hub node & and to the destination node d,
on the itineraries: (1) ok, (2) 0.k, (13) 0,hd, (23) o,hd.
Suppose that there is only one fare class per itinerary,
and there is no demand from # to d. The leg-class inci-
dence matrix, together with the fare structure R, is:

Rl RZ R13 R23

N4. A four-leg network, with two origins o;, 0,, 2
destinations d,, d, and a hub h. The legs in the net-
work are (1) 0,1, (2) 0,h, (3) hd;, (4) hd,, with capacities
N = (N;, N,, N;, N,). There is demand for all the eight
itineraries, with one fare class per itinerary. The leg-
class incidence matrix, together with the fare structure
R, is:

Rl RZ RS R4 R13 R14 R23 R24
1 00 0 1 1 0 0
R
=lo0o 1 0 0 0 0 1 1
A
0 01 0 1 0 1 0
0o 00 1 0 1 0 1

N4.2. The same as (N4), except there are two fares
per itinerary, so 16 demand classes in all. The leg-
class incidence matrix, together with a high-low fare
structure R = (R", R!), is:

R, R R, R R, R! R}

11 0 0 0 O 0 0 1
1 1 0 0 O 0 O
0

0o 0 1 1 0 1

o o O
o o O

14
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h 1 h 1 h 1 h 1 h
R4 R]S R13 R14 R14 R23 R23 R24 R24

1
0
1

We used the following alternative scenarios to
model the arrival process:

HP. Homogeneous Poisson arrivals with arrival
rates given by a constant vector p (ii.d. Bernoulli
trials).

NHL. Nonhomogeneous Poisson with hi-low
demand. We assume arrival rates increase for high-
fare classes (p' = p/log,(a+t-p)) and decrease
(p' =p/log,(a+ (T —t)-p)) for low-fare classes, as we
approach departure.

NLH. Nonhomogeneous Poisson with low-hi
demand. We assume arrival rates decrease for high-
fare classes (p' =p/log,(a+ (T —t)-p)) and increase
(p' = p/log,(a+t-p)) for low-fare classes, as we
approach departure.

The log-factors are given by p, and a is a constant,
equal to the base of the logarithm (we take a = 2).

6.1.2. Running Time. Exact calculations of the
optimal expected revenue (DP), and expected values
of the proposed policies (CEC, BPC) are practically
impossible. Already for two-leg networks (N2) with
one class per itinerary, 50 seats per leg initial capac-
ity and T =300 time periods the computation takes
about two hours.

A tractable approach for measuring performance of
the proposed policies, however, is provided by simu-
lation. A simulation run of the CEC or BPC policies
for a two-leg network takes less than a minute (less
than a second per iteration). The largest network we
simulated was a four-leg network (N4.2) with two
demand classes per itinerary. When the initial capac-
ities are in the order of N =50—100 and the time
horizon has T = 300 time periods, a full simulation
run for such an instance takes a few minutes (i.e., a
few seconds per iteration).

1 1 0 0 0 0
0 0 1 1 1 1
0 0 1 1 0 0
1 1 0 0 1 1
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